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Definition

If V' is an n-dimensional vector space, define

A (V) = N(V) D ALY(V) @ ... & A(V), where A°(V) is defined to be the
real numbers. Then A*(V) is a vector space.

dim A*(V) = 2" (by summing binomial coefficients).

By extending the wedge product to A*(V') by linearity, A*(V) is an algebra.

It is called the exterior algebra of forms on V. If f: V — W is a linear
mapping, note that f* : A*(W) — A*(V) is an algebra homomorphism.

w
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A k-form w on V is said to be decomposable if there are 1-forms
©1,.., 0k On V such that w = 1 A ... A .

Exercise. (a) Let vi, ..., v4 be a basis for R* and let (1, ..., ¢4 be the dual
basis for A'R* = (R*)*. Show that the 2-form w = 1 A @2 + @3 A g is
not decomposable.

(b) Show that every 2-form on R3 is decomposable.
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A 1-form a on V is just a linear map o : V — R, so we know perfectly
well what is meant by the kernel of a:

ker(a) = veV : a(v) = 0.

For example, if vy, ..., v, is a basis for V' and ¢4, ..., ¢, is the dual basis,
then

ker(p1) = span(va, ..., V).

The kernel of a nonzero 1-form is an n — 1 dimensional subspace of V.

Ryan Blair (U Penn) Math 600 Day 12: More Multilinear Algebra Thursday October 21, 2010 4 /14



Now suppose w is a 2-form. We define its kernel to be
ker(w) = {veV : w(v,w) =0 for all weV}.
For example, in R%,
ker(p1 A p2) = span(vs, vq)

ker(¢1 A @2 + 3 A ps) = {0}.

Likewise, if w is a k-form, we define

ker(w) = {veV 1 w(v,wi, ..., wk_1) =0 for all wieV}.
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Definition
Let v be a vector in V and w a k-form on V. Then the interior product
v|w is the k — 1 form defined by

(v]w)(viy ooy Vik—1) = w(V,y Vi, ey V1)
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Differential Forms

Differential Forms

We will begin with differential forms on open subsets of Euclidean space
R", and then extend this to differential forms on smooth manifolds M".

Elements of R” may be regarded as points p or vectors v.

Fix a point peR". Then the set of all pairs (p, v), where veR", will be
denoted by R%, and made into a vector space by defining

(p,v) +(p,w) = (p,v+w) and a(p,v) = (p,av).
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Differential Forms

We call R] the tangent space to R, at the point p, call its elements
tangent vectors, and visualize them as arrows with their tails at p.

We will usually write (p, v) as v,.
Pick and fix a basis ey, ..., e, for R".

Then we get a corresponding basis (e1)p, ..., (en), for each tangent space
RY.
p
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Differential Forms

A vector field V on R” is a selection of a tangent vector V/(p)eR} for
each point peR”. We can write

V(p) = v (p)(er)p + -+ v"(p)(en)p-

The real-valued functions v/ : R” — R are called the component
functions of V.
Example.V = —yi + xj on R2.

The vector field is said to be continuous, differentiable, etc. if its
component functions v/ are. We will usually deal with C* vector fields, so
that we can differentiate the component functions as much as we want,
and use the word smooth as a synonym for C*°.
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Differential Forms

Remark
Vector fields can also be defined on open subsets of R” in the same way.

v

Remark
Vector fields can be added by adding their values at each point, and
multiplied by functions likewise.
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Differential Forms

Differential forms.

In the same spirit as for vector fields, a differential k-form w on R" is a
selection of a k-form w(p)eA¥(R7) for each point peR”.

If ©1(p), ..., pn(p) is the dual basis to (e1)p, ..., (en)p, We can write
w(p) = X< <iwi,..i(P)pin(p) A - Ain(p)

for certain coefficient functions wj, _j : R” — R. We will usually assume
that these coefficient functions are of class C*°.

Differential forms can be defined on open subsets of R” in the same way.

Ryan Blair (U Penn) Math 600 Day 12: More Multilinear Algebra  Thursday October 21, 2010 11 /14



Differential Forms

Operations on differential forms:

© addition w + 7,
© wedge product w A i, and
© multiplication by functions fw,

are carried out “pointwise”.

When it is clear from context that we are talking about differential forms,
we will simply call them forms.
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Differential Forms

Notation.
Now let f : R" — R be a differentiable function.

Then the derivative of f at each point peR” is a linear map
f'(p) : R" — R. We will think of this as a linear map from the tangent
space R to R, and write it as df(p). Thus

df(p) : R} — R with df(p)(vp) = f'(p)(v)-

Let x’ : R” — R be the ith coordinate function. It is a linear map, hence
equal to its own derivative, so

o (p)(vp) = V',
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Differential Forms

In particular, dx’(p)(ej)p = &%, so dx*(p), ..., dx"(p) is the dual basis to
(el)p,..., (e,,)p.

Thus every differential k-form w can be written as
w= Z,'1<m<,'kw,'17m7,'kdxil N oA dx k.

Exercise. If f : R” — R is differentiable, check that the differential 1-form
df can be written as

of
oxn

of
df = (W)dxl + oo+ (5= )dx".
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